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Abstract
In the framework of parallelism general relativity (PGR), the Dirac
particle spin precession in the rotational gravitational field is studied.
In terms of the equivalent tetrad of Kerr frame, we investigate the tor-
sion axial-vector spin coupling in PGR. In the case of the weak field
and slow rotation approximation, we obtain that the torsion axial-
vector has the dipole-like structure, but different from the gravito-
magnetic field, which indicates that the choice of the Kerr tetrad will
influence on the physics interpretation of the axial-vector spin cou-
pling.
key words: torsion, parallelism, Kerr spacetime, spin
1 Introduction
As an extension of Einstein’s general relativity, the metric-affine theory is one
of the choices [1, 2, 3], which incorporates the geometric structure of space-
time into curvature and torsion. In order for the fundamental exploration
of spacetime, the tetrad theory of gravitation has been paid more attention
by many people [4, 5, 6, 7, 8, 9, 10], where the spacetime is characterized
by the torsion tensor and the vanishing curvature, the relevant spacetime
1
is the Weitzenbo¨ck spacetime [4], which is a special case of the Riemann-
Cartan spacetime, such as the metric-affine theory of gravitation [1, 2, 3].
The tetrad theory of gravitation will be equivalent to general relativity when
the convenient choice of the parameters of the Lagrangian [4].
We will use the greek alphabet (µ, ν, ρ, · · · = 1, 2, 3, 4) to denote tensor
indices, that is, indices related to spacetime. The latin alphabet (a, b, c, · · · =
1, 2, 3, 4) will be used to denote local Lorentz (or tangent space) indices.
Of course, being of the same kind, tensor and local Lorentz indices can be
changed into each other with the use of the tetrad haµ, which satisfy
haµ ha
ν = δµ
ν ; haµ hb
µ = δab . (1)
A nontrivial tetrad field can be used to define the linear Cartan connection[4,
8]
Γσµν = ha
σ∂νh
a
µ , (2)
with respect to which the tetrad is parallel:
∇ν haµ ≡ ∂νhaµ − Γρµν haρ = 0 . (3)
The Cartan connection can be decomposed according to
Γσµν =
◦
Γ
σ
µν +K
σ
µν , (4)
where
◦
Γ
σ
µν =
1
2
gσρ [∂µgρν + ∂νgρµ − ∂ρgµν ] (5)
is the Levi–Civita connection of the metric
gµν = ηab h
a
µ h
b
ν , (6)
where ηab is the metric in flat space with the line element
dτ 2 = gµνdx
µdxν , (7)
and
Kσµν =
1
2
[Tµ
σ
ν + Tν
σ
µ − T σµν ] (8)
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is the contorsion tensor, with
T σµν = Γ
σ
µν − Γσνµ (9)
the torsion of the Cartan connection [4, 8]. The irreducible torsion vectors,
i.e., the torsion vector and the torsion axial-vector, can then be constructed
as [4, 8]
Vµ = T
ν
νµ , (10)
Aµ =
1
6
ǫµνρσT
νρσ , (11)
with ǫµνρσ being the completely antisymmetric tensor normalized as ǫ0123 =√−g and ǫ0123 = 1√−g , where g is the determinant of metric.
The spacetime dynamic effects on the spin is incorporated into Dirac
equation through the “spin connection” appearing in the Dirac equation in
gravitation [4]. In Weitzenbo¨ck spacetime, as well as the general version of
torsion gravity, it has been shown by many authors [4, 5, 11, 12, 13, 14, 15,
16, 17] that the spin precession of a Dirac particle is intimately related to the
torsion axial-vector, and it is interesting to note that the torsion axial-vector
represents the deviation of the axial symmetry from the spherical symmetry
[5].
dS
dt
= −3
2
A× S, (12)
where S is the semiclassical spin vector of a Dirac particle, and A is the
spacelike part of the torsion axial-vector. Therefore, the corresponding extra
Hamiltonian energy is of the form,
δH = −3
2
A · S . (13)
The purpose of the paper is to derive the torsion axial vector spin cou-
pling in the Kerr spacetime with the given tetrad, which is performed in
section 2. In the weak field and slow rotation approximation, the analytical
expression of the torsion axial-vector is obtained in section 3. Discussions
and conclusions are given in the last section. Throughout this paper we use
the unit with c = 1.
3
2 The torsion axial-vector in Kerr spacetime
The gravitational field of a rotating mass is described by the axially sym-
metric stationary Kerr metric [18],
dτ 2 = g00dt
2 + g11dr
2 + g22dθ
2 + g33dφ
2 + 2g03dφ dt, (14)
where
g00 = 1−
rsr
Σ
; g11 = −
Σ
∆
; g22 = −Σ (15)
g33 = −
(
r2 + a2 +
rsra
2
Σ
sin2 θ
)
sin2 θ (16)
g03 = g30 =
rsra
Σ
sin2 θ (17)
with
∆ = r2 − rsr + a2 and Σ = r2 + a2 cos2 θ . (18)
In these expressions, rs is Schwarzschild radius and a is the angular momen-
tum of a gravitational unit mass source. If a = 0, the Kerr metric becomes
the Schwarzschild metric in the standard form. In Kerr spacetime, the tetrad
can be expressed by the dual basis of the differential one-form [19] through
choosing a coframe of the coordinate system,
dϑ0ˆ = A[d t− a sin2 θdφ] , (19)
dϑ1ˆ = A−1dr , (20)
dϑ2ˆ =
√
Σdθ , (21)
dϑ3ˆ = B[(−adt + (r2 + a2)dφ] , (22)
where A =
√
∆/Σ, B = sin θ/
√
Σ. Therefore, the tetrad can be obtained
with the subscript µ denoting the column index (c.f. [?]),
haµ =


A 0 0 −aA sin2 θ
0 1/A 0 0
0 0
√
Σ 0
−aB 0 0 (r2 + a2)B

 , (23)
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with the inverse
hha
µ =


(r2 + a2) sin θ/A 0 0 a sin θ/A
0 AΣ sin θ 0 0
0 0 BΣ 0
a
√
Σ sin2 θ 0 0
√
Σ

 , (24)
where h = det(haµ) = Σ sin θ =
√−g with g = det(gµν). We can inspect that
Eqs.(23) and (24) satisfy the conditions in Eq.(1). From Eqs.(23) and (24), we
can now construct the Cartan connection, whose nonvanishing components
are:
hΓ001 = (A
′
/A)(r2 + a2) sin θ − B′a2
√
Σ sin2 θ, (25)
hΓ031 = −(A′/A)a(r2 + a2) sin3 θ + [B(r2 + a2)]′a
√
Σ sin2 θ, (26)
hΓ002 = (A
′
θ/A)(r
2 + a2) sin θ − a2 sin2 θ cos θ = a4 sin4 θ cos θ/Σ, (27)
hΓ032 = −[A sin2 θ]′θa sin θ(r2 + a2)/A+B
′
θ(r
2 + a2)a
√
Σ sin2 θ, (28)
hΓ112 = −a2 sin2 θ cos θ, hΓ221 = r sin θ , (29)
hΓ301 = (A
′
/A)a sin θ −B′a
√
Σ, (30)
hΓ331 = −(A′/A)a2 sin3 θ + [B(r2 + a2)]′
√
Σ, (31)
hΓ302 = (A
′
θ/A)a sin θ − B
′
θ
√
Σa = (a2/Σ− 1)a cos θ, (32)
hΓ332 = −(A sin2 θ)′θa2 sin θ/A+B
′
θ(a
2 + r2)
√
Σ , (33)
where
A
′
=
∂A
∂r
= (r − rs/2)/(AΣ)− Ar/Σ, A′θ =
∂A
∂θ
=
a2A
Σ
sin θ cos θ ,(34)
B
′
=
∂B
∂r
= −Br/Σ , B′θ =
∂B
∂θ
= cos θ/
√
Σ+
a2B
Σ
sin θ cos θ . (35)
The nonzero torsion axial–vector components are
A(1) × (6h) = −2(g00T 023 + g03T 323 + g30T 002 + g33T 302) (36)
= −2(g00Γ032 + g03Γ332 − g30Γ002 − g33Γ302) ,
A(2) × (6h) = 2[g00T 013 + g03T 313 + g30T 001 + g33T 301] (37)
= 2[g00Γ
0
31 + g03Γ
3
31 − g30Γ001 − g33Γ301] .
5
3 Slow Rotation and Weak Field Approxima-
tions
In the case of slow rotation and weak field, we keep the terms up to first
order in the angular momentum a and in rs/r. The related quantities are
simplified as follows:
∆ = r2 − rsr; Σ = r2 (38)
g00 = (−g11)−1 = 1−
rs
r
; g22 = −r2 (39)
g33 = −r2 sin2 θ; g03 =
rsa
r
sin2 θ (40)
h = r2 sin θ; A =
√
1− rs/r; B = sin θ/r . (41)
In this approximation, all terms reduce to the values of the Schwarzschild
solution except g03. On the other hand, in the weak field limit, characterized
by keeping terms up to first order in rs/r, the nonzero components of the
axial–vector torsion become
hΓ032 = −ar2 sin2 θ cos θ , hΓ332 = r2 cos θ,
hΓ002 = 0 , hΓ
3
02 = −a cos θ , (42)
and
hΓ031 = ar sin
3 θ(1− rs/2r) , hΓ331 = r sin θ,
hΓ001 = (rs/2) sin θ , hΓ
3
01 = (a sin θ/r)(1 + rs/2r) . (43)
Substituting Eqs.(38), (39), (40) and (41) into (36) and (37), we obtain
A(1) =
2
3
(1− rs/r)
a
r2
cos θ , (44)
and
A(2) =
2
3
a
r3
sin θ . (45)
In spacelike vector form, the axial–vector becomes,
−A = A(1)√−g11 er + A(2)
√−g22 eθ, (46)
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where er =
√−g11 dr and eθ =
√−g22 dθ are unit vectors in (r, θ) directions,
and then we have,
−A = 2a
3r2
[
√
1− rs/r cos θ er + sin θ eθ]. (47)
It has been shown by many authors [4, 12, 13, 14] that the spin precession
of a Dirac particle in torsion gravity is intimately related to the axial–vector
ds
dt
= b× s , (48)
where s is the spin vector, and b = −3A/2. Therefore,
b =
J
Mr2
[
√
1− rs/r cos θ er + sin θ eθ]. (49)
with J = Ma the angular momentum.
4 Discussions and conclusions
The torsion axial-vector Dirac spin coupling by the special choice of the Kerr
tetrad in the framework of the torsion spacetime without curvature has been
derived. We employ the given Kerr tetrad to derive the torsion axial-vector,
as one of the three irreducible quantities in Weitzenbo¨ck spacetime, which
will couple with the Dirac spin. Unlike the previous work where another
Kerr tetrad is used [9], we have not obtained the gravitomagnetic spin cou-
pling here, which indicates that the choice of the tetrad incurs the preferred
reference frame where the physics measurement is performed. It is worth
noting the implications of some special cases from the analysis of the b field
in Eq.(49), and we find that b field is still a dipole-like field although it is
not a standard dipole gravitomagnetic field as obtained before [9], which is
on account of the axisymmetric property of Kerr spacetime. If we set the
gravitational constant G=0 or rs = 0, say the null gravitational field, then
we find that b field is not vanished. This fact shows that G=0 will arise
the spacetime curvature to be zero, but the torsion would not be cancelled
automatically. The similar phenomenon has also been found when we deal
with the rotation spin coupling in the rotational system, where the nonzero
Cartan connections still survive in the Minkowski spacetime [20]. Of course,
7
if there is no rotation, say a=0, then the b field disappears because the axial-
vector represents the measurement of the axial symmetry deviated from the
spherical symmetry [5].
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Abstrat
In the framework of parallelism general relativity (PGR), the Dira
partile spin preession in the rotational gravitational eld is studied.
In terms of the equivalent tetrad of Kerr frame, we investigate the tor-
sion axial-vetor spin oupling in PGR. In the ase of the weak eld
and slow rotation approximation, we obtain that the torsion axial-
vetor has the dipole-like struture, but dierent from the gravito-
magneti eld, whih indiates that the hoie of the Kerr tetrad will
inuene on the physis interpretation of the axial-vetor spin ou-
pling.
key words: torsion, parallelism, Kerr spaetime, spin
1 Introdution
As an extension of Einstein's general relativity, the metri-aÆne theory is one
of the hoies [1, 2, 3℄, whih inorporates the geometri struture of spae-
time into urvature and torsion. In order for the fundamental exploration
of spaetime, the tetrad theory of gravitation has been paid more attention
by many people [4, 5, 6, 7, 8, 9, 10℄, where the spaetime is haraterized
by the torsion tensor and the vanishing urvature, the relevant spaetime
1
is the Weitzenbok spaetime [4℄, whih is a speial ase of the Riemann-
Cartan spaetime, suh as the metri-aÆne theory of gravitation [1, 2, 3℄.
The tetrad theory of gravitation will be equivalent to general relativity when
the onvenient hoie of the parameters of the Lagrangian [4℄.
We will use the greek alphabet (, , ,    = 1; 2; 3; 4) to denote tensor
indies, that is, indies related to spaetime. The latin alphabet (a, b, ,    =
1; 2; 3; 4) will be used to denote loal Lorentz (or tangent spae) indies.
Of ourse, being of the same kind, tensor and loal Lorentz indies an be
hanged into eah other with the use of the tetrad h
a

, whih satisfy
h
a

h
a

= Æ


; h
a

h
b

= Æ
a
b
: (1)
A nontrivial tetrad eld an be used to dene the linear Cartan onnetion[4,
8℄
 


= h
a



h
a

; (2)
with respet to whih the tetrad is parallel:
r

h
a

 

h
a

   


h
a

= 0 : (3)
The Cartan onnetion an be deomposed aording to
 


=
Æ
 


+K


; (4)
where
Æ
 


=
1
2
g

[

g

+ 

g

  

g

℄ (5)
is the Levi{Civita onnetion of the metri
g

= 
ab
h
a

h
b

; (6)
where 
ab
is the metri in at spae with the line element
d
2
= g

dx

dx

; (7)
and
K


=
1
2
[T



+ T



  T


℄ (8)
2
is the ontorsion tensor, with
T


=  


   


(9)
the torsion of the Cartan onnetion [4, 8℄. The irreduible torsion vetors,
i.e., the torsion vetor and the torsion axial-vetor, an then be onstruted
as [4, 8℄
V

= T


; (10)
A

=
1
6


T

; (11)
with 

being the ompletely antisymmetri tensor normalized as 
0123
=
p
 g and 
0123
=
1
p
 g
, where g is the determinant of metri.
The spaetime dynami eets on the spin is inorporated into Dira
equation through the \spin onnetion" appearing in the Dira equation in
gravitation [4℄. In Weitzenbok spaetime, as well as the general version of
torsion gravity, it has been shown by many authors [4, 5, 11, 12, 13, 14, 15,
16, 17℄ that the spin preession of a Dira partile is intimately related to the
torsion axial-vetor, and it is interesting to note that the torsion axial-vetor
represents the deviation of the axial symmetry from the spherial symmetry
[5℄.
dS
dt
=  
3
2
A S; (12)
where S is the semilassial spin vetor of a Dira partile, and A is the
spaelike part of the torsion axial-vetor. Therefore, the orresponding extra
Hamiltonian energy is of the form,
ÆH =  
3
2
A  S : (13)
The purpose of the paper is to derive the torsion axial vetor spin ou-
pling in the Kerr spaetime with the given tetrad, whih is performed in
setion 2. In the weak eld and slow rotation approximation, the analytial
expression of the torsion axial-vetor is obtained in setion 3. Disussions
and onlusions are given in the last setion. Throughout this paper we use
the unit with  = 1.
3
2 The torsion axial-vetor in Kerr spaetime
The gravitational eld of a rotating mass is desribed by the axially sym-
metri stationary Kerr metri [18℄,
d
2
= g
00
dt
2
+ g
11
dr
2
+ g
22
d
2
+ g
33
d
2
+ 2g
03
d dt; (14)
where
g
00
= 1 
r
s
r

; g
11
=  


; g
22
=   (15)
g
33
=  
 
r
2
+ a
2
+
r
s
ra
2

sin
2

!
sin
2
 (16)
g
03
= g
30
=
r
s
ra

sin
2
 (17)
with
 = r
2
  r
s
r + a
2
and  = r
2
+ a
2
os
2
 : (18)
In these expressions, r
s
is Shwarzshild radius and a is the angular momen-
tum of a gravitational unit mass soure. If a = 0, the Kerr metri beomes
the Shwarzshild metri in the standard form. In Kerr spaetime, the tetrad
an be expressed by the dual basis of the dierential one-form [19℄ through
hoosing a oframe of the oordinate system,
d#
^
0
= A[d t  a sin
2
d℄ ; (19)
d#
^
1
= A
 1
dr ; (20)
d#
^
2
=
p
d ; (21)
d#
^
3
= B[( adt + (r
2
+ a
2
)d℄ ; (22)
where A =
q
=, B = sin =
p
. Therefore, the tetrad an be obtained
with the subsript  denoting the olumn index (.f. [?℄),
h
a

=
0
B
B
B

A 0 0  aA sin
2

0 1=A 0 0
0 0
p
 0
 aB 0 0 (r
2
+ a
2
)B
1
C
C
C
A
; (23)
4
with the inverse
hh
a

=
0
B
B
B

(r
2
+ a
2
) sin =A 0 0 a sin =A
0 A sin  0 0
0 0 B 0
a
p
 sin
2
 0 0
p

1
C
C
C
A
; (24)
where h = det(h
a

) =  sin  =
p
 g with g = det(g

). We an inspet that
Eqs.(23) and (24) satisfy the onditions in Eq.(1). From Eqs.(23) and (24), we
an now onstrut the Cartan onnetion, whose nonvanishing omponents
are:
h 
0
01
= (A
0
=A)(r
2
+ a
2
) sin    B
0
a
2
p
 sin
2
; (25)
h 
0
31
=  (A
0
=A)a(r
2
+ a
2
) sin
3
 + [B(r
2
+ a
2
)℄
0
a
p
 sin
2
; (26)
h 
0
02
= (A
0

=A)(r
2
+ a
2
) sin    a
2
sin
2
 os  = a
4
sin
4
 os =; (27)
h 
0
32
=  [A sin
2
℄
0

a sin (r
2
+ a
2
)=A+B
0

(r
2
+ a
2
)a
p
 sin
2
; (28)
h 
1
12
=  a
2
sin
2
 os ; h 
2
21
= r sin  ; (29)
h 
3
01
= (A
0
=A)a sin   B
0
a
p
; (30)
h 
3
31
=  (A
0
=A)a
2
sin
3
 + [B(r
2
+ a
2
)℄
0
p
; (31)
h 
3
02
= (A
0

=A)a sin    B
0

p
a = (a
2
=  1)a os ; (32)
h 
3
32
=  (A sin
2
)
0

a
2
sin =A+B
0

(a
2
+ r
2
)
p
 ; (33)
where
A
0
=
A
r
= (r   r
s
=2)=(A)  Ar=; A
0

=
A

=
a
2
A

sin  os  ;(34)
B
0
=
B
r
=  Br= ; B
0

=
B

= os =
p
 +
a
2
B

sin  os  : (35)
The nonzero torsion axial{vetor omponents are
A
(1)
 (6h) =  2(g
00
T
0
23
+ g
03
T
3
23
+ g
30
T
0
02
+ g
33
T
3
02
) (36)
=  2(g
00
 
0
32
+ g
03
 
3
32
  g
30
 
0
02
  g
33
 
3
02
) ;
A
(2)
 (6h) = 2[g
00
T
0
13
+ g
03
T
3
13
+ g
30
T
0
01
+ g
33
T
3
01
℄ (37)
= 2[g
00
 
0
31
+ g
03
 
3
31
  g
30
 
0
01
  g
33
 
3
01
℄ :
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3 Slow Rotation and Weak Field Approxima-
tions
In the ase of slow rotation and weak eld, we keep the terms up to rst
order in the angular momentum a and in r
s
=r. The related quantities are
simplied as follows:
 = r
2
  r
s
r;  = r
2
(38)
g
00
= ( g
11
)
 1
= 1 
r
s
r
; g
22
=  r
2
(39)
g
33
=  r
2
sin
2
; g
03
=
r
s
a
r
sin
2
 (40)
h = r
2
sin ; A =
q
1  r
s
=r; B = sin =r : (41)
In this approximation, all terms redue to the values of the Shwarzshild
solution exept g
03
. On the other hand, in the weak eld limit, haraterized
by keeping terms up to rst order in r
s
=r, the nonzero omponents of the
axial{vetor torsion beome
h 
0
32
=  ar
2
sin
2
 os  ; h 
3
32
= r
2
os ;
h 
0
02
= 0 ; h 
3
02
=  a os  ; (42)
and
h 
0
31
= ar sin
3
(1  r
s
=2r) ; h 
3
31
= r sin ;
h 
0
01
= (r
s
=2) sin  ; h 
3
01
= (a sin =r)(1 + r
s
=2r) : (43)
Substituting Eqs.(38), (39), (40) and (41) into (36) and (37), we obtain
A
(1)
=
2
3
(1  r
s
=r)
a
r
2
os  ; (44)
and
A
(2)
=
2
3
a
r
3
sin  : (45)
In spaelike vetor form, the axial{vetor beomes,
 A = A
(1)
p
 g
11
e
r
+ A
(2)
p
 g
22
e

; (46)
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where e
r
=
p
 g
11
dr and e

=
p
 g
22
d are unit vetors in (r, ) diretions,
and then we have,
 A =
2a
3r
2
[
q
1  r
s
=r os  e
r
+ sin  e

℄: (47)
It has been shown by many authors [4, 12, 13, 14℄ that the spin preession
of a Dira partile in torsion gravity is intimately related to the axial{vetor
ds
dt
= b s ; (48)
where s is the spin vetor, and b =  3A=2. Therefore,
b =
J
Mr
2
[
q
1  r
s
=r os  e
r
+ sin  e

℄: (49)
with J = Ma the angular momentum.
4 Disussions and onlusions
The torsion axial-vetor Dira spin oupling by the speial hoie of the Kerr
tetrad in the framework of the torsion spaetime without urvature has been
derived. We employ the given Kerr tetrad to derive the torsion axial-vetor,
as one of the three irreduible quantities in Weitzenbok spaetime, whih
will ouple with the Dira spin. Unlike the previous work where another
Kerr tetrad is used [9℄, we have not obtained the gravitomagneti spin ou-
pling here, whih indiates that the hoie of the tetrad inurs the preferred
referene frame where the physis measurement is performed. It is worth
noting the impliations of some speial ases from the analysis of the b eld
in Eq.(49), and we nd that b eld is still a dipole-like eld although it is
not a standard dipole gravitomagneti eld as obtained before [9℄, whih is
on aount of the axisymmetri property of Kerr spaetime. If we set the
gravitational onstant G=0 or r
s
= 0, say the null gravitational eld, then
we nd that b eld is not vanished. This fat shows that G=0 will arise
the spaetime urvature to be zero, but the torsion would not be anelled
automatially. The similar phenomenon has also been found when we deal
with the rotation spin oupling in the rotational system, where the nonzero
Cartan onnetions still survive in the Minkowski spaetime [20℄. Of ourse,
7
if there is no rotation, say a=0, then the b eld disappears beause the axial-
vetor represents the measurement of the axial symmetry deviated from the
spherial symmetry [5℄.
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